COMPOSITE MATERIALS PROF. R. VELMURUGAN

Lectures 30 and 31

Classical Laminate Theory:

Classical Lamination theory (CLT) is a simple analysis through which the forces acting on
a laminate are related to the mid-plane strains and curvatures which are assumed to be constant
across the thickness. It is very useful in calculating stresses and strains in each lamina of the thin
laminated structure.

Consider a laminate, of thickness h, consisting of laminas of varying thicknesses t;, t, and
so on. Let, the geometric mid-plane of the laminate contain the xy plane and the z axis defines the

thickness direction. Let, the total number of laminae be N.

Figure 4.3 Coordinate system of Laminate
Assumptions:
e The laminate is thin and very wide

e Cross sections originally straight and perpendicular to the mid-plane remain straight and

perpendicular to the mid-plane in the deformed state. i.e., yxz =7y, =0
e Perfect bonding between the layers, i.e., there is no slippage.
e Strain distribution in the thickness direction is linear.

e All laminae are macroscopically homogeneous and behave in a linearly elastic manner.

Assume that a cross section shown in red colour in fig 4.2 originally straight and

perpendicular to the mid-plane of the laminate also remains straight and perpendicular to the mid-
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plane in the deformed state. Further, assume that the point A at a distance z from the geometric

mid-plane undergoes displacements u,, Vo, and w, along x, y, and z directions, respectively.

~f u >

h/2
Mid-plane X
S
Z :
h/2 A
Z
Cross-section Cross-section
before loading after loading

Figure 4.4 Deformation of the cross section of laminate in bending

The displacement u in the x direction of the point A is given by:

U= Uy, — I (4.4)
where,
v dw,
dx (4.5)
Therefore, the displacement u in the x-direction is :
B _dw,
T e (4.6)
Similarly, taking a cross-section in the y—z plane would give the displacement in the y-direction as:
o _dw,
T T Ty @.7)
The strains are defined by:
du _du, 9w,
7T Ix  dx 9kt (4.8)
v 9y, dFwy,
T vy T ay T ay® (4.9)
du 15 du,  dv, d3w,
Yay = E_ x av T ax 2z dx dv (4.10)
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The above strain displacement relation

s can be written as :

au, _ 0wy
OX OX?
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0
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fel = (g1 + z {k}
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(4.11)
(4.12)
(4.13)
,‘/,01 _ aﬁ+ ﬂ‘l-’l:-
W9y ax (419)
9%y
= dxdy  (4.15)

The above equations indicate that the strains in a laminate vary linearly across the

thickness, which reinforce the assumptions made earlier. Stresses in any lamina can be determined

using the stress-strain relation for the
Ty (:j“
Oyt =|Q12
Tos =
= Qe
Ty (:;}‘l‘l
%y =012
Ty -
Y Qys

lamina.

Q12 Q6] 5
Dzz Dza {EF}
a & XV
Qza Daa' ’
Qu Qia £x
= = 0
‘?22 '?za Eg'
Qag Qgsly | Y

(4.16)
(?11 (?12 ﬁ?ia k.,
t?*12 ‘?22 ‘?Ea l:{F' ]
Qe Qa6 Ul V™ (4.17)

Thus, the variation of stress through the laminate thickness is obtained by calculating the

stress variations in all the laminae. From the above expressions it is clear that the strains will be

continuous across the thickness whereas, the stresses will be discontinuous across the thickness as

the material properties will change for each layer, depending upon the orientation.
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Mid-plane

Laminate Strain variation Stress variation
Figure 4.5 Stress strain variation in laminate
Force and Moment Resultants:

The stresses in a laminate vary from layer to layer. Hence, it is convenient to deal with a

simpler but, equivalent system of forces and moments acting on the laminate cross section.

|"\'"-.._;. /__,.f":..\ M.,
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Figure 4.6 Resultant forces and moments on a laminate

Consider a laminate which is subjected to forces and moments as shown in figure 4.6. The
forces and moments are called as resultant forces and resultant moments respectively and defined
per unit width of the laminate and acting at the mid-plane of the laminate.

Resultant forces are obtained by integrating the corresponding stresses through the laminate
thickness, h. Thus,

A
""!rX = I Cr_)_' d__
SRy (4.18)
Ay
Ny = | " ag,dz
I (4.19)
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e (4.20)
Similarly, the resultant moments are obtained by integrating the corresponding stresses times the
moment arm with respect to the mid-plane through the thickness of laminate. The expressions for

the moment resultants are given by :

A
My= I Oy Z iz
— (4.21)
Ay
M, = l y, Oz dz
S (4.22)
ey
My, l py Xy 2 dz
Y-t (4.23)
¥ X X ‘lr'
1st Lamina ty
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Figure 4.7 laminate with N laminas

Consider a laminate consisting of N orthotropic laminae as shown in Figure 4.7. As the
number of layers is a finite one, the force-moment system acting at the midplane of the laminate

can be obtained by replacing the continuous integral by the summation of integrals of each lamina.

Therefore,
-"""rX Ay T noo e
Ny b= B0 _ lz‘ o | o
3 I n h s ] 3 Z
-'r};_-,- —z Loy =1 Fr-1 Loy (4.24)
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.

_'Il"f}-" Cr_:l' T T -
Ry k=1 Tk-1\Tyy (4.25)

"‘fy, r.:.

The stress - strain relation for an arbitrary layer is given by,

oy '?11 '?1: '?15 Ex
Iy +=012 Q2 Oz} & ¢ = [0y]{tecd+ = K3}
tXy Qi Q25 Qs rAy (4.26)
Thus the equations for the resultant forces and moments become,
l||‘r
[ ] Zl [0, ]k =)+ 2 63} dz
k=1 "%k (4.27)

W= Z [0,]k [z — 25, Je0) + % Z [0, ] 23 - 22,10
k=1 k=1

V) = [4Mz,} + [B1K) (4.28)
."l‘fX n
[-'vf_—.-]: Z [0 e e} + 2 63 z dz
Myy) k=17 (4.29)
My n =
[ } Z[n ]kl {edzdz + Do sl " w7z
'“f,v. k=1 ke (4.30)

My = Z [f}:j]k%[:f{ ~z3 Me )+ Z [o,]x % z3 - 23,1k}
k=1 k=1

M} = [BN=,)} + [DHk] (4.31)

Nl_ |4 B] (%
or, [M]_ [B D [k]
where, [A] - Extensional Stiffness matrix
[B] - Extensional bending coupling stiffness matrix

[D] - Bending stiffness matrix
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A A, Ag
[A]=[Qy klz-z:]=| Ay Ay Ag (4.32)
As A g
n B, By
[A]=>"[Q K[z -2.]=|B, B, By (4.33)
BZG BGG
Dll D12 D16

1& =
O)-3 5[, [z -#.]-| D, D, D, w3
K =
' DlG D26 D66

So, the resultant forces and moments are thus related to mid-plane strains and curvatures.

'ir ;h | A Az A l| E’E ] B Biz Biep(ks

40 =[A12 Agp ﬂza]-' €y + +|B12 By B]s] ky

1_“;:1;] Agg Aze A 1_1',‘3TJ Big Bag  Byg i \Ey (4.35)
lir ;:?!- Bis Biz Byg| E’E Dj; Dyz Dygq(ks

i Y 5= I:B-lz Bzz Bza]-' E‘y -+ D'IZ D!! D!E k}.

l_h'IXyJ Bie Bz Bgs 1 Ty Dig  Dgg  Dggdlky, (4.36)

[A} - matrix is called extensional stiffness matrix
[B]- matrix is called extension-bending coupling stiffness matrix

[D]- matrix is called bending stiffness matrix

Comments on A,B, and D matrices:

(1). As and Ay are the coupling terms which relate in-plane normal forces to mid-plane

shear strain and in-plane shear force to mid-plane normal strains.

(if). By, B12 and B,, couple in-plane normal forces to bending curvatures and bending
moments to mid-plane normal strains.

(iii). By and Bys couple in-plane normal forces to twisting curvature and twisting moment

to mid-plane normal strains.
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(iv). Bes couples in-plane shear force to twisting curvature and twisting moment to mid-plane

shear strain.

(v). D1g and Dys couple bending moments to twisting curvature and twisting moment to

bending curvatures.

The couplings between normal forces and shear strains , bending moments and twisting
curvatures and so on, occur only in laminated structures and not in a monolithic structure. If the

laminate is properly constructed, some of these couplings can be eliminated.

Based on the nature of laminate layers and their fiber orientations, there exist some

influences on these A, B, and D matrices.

Assignments:

1) Find the A,B and D matrices for the following laminates.

a) [0°/30°/60°/90°]

b) [0°/45°/-45°/90°]

¢)[0°/30%/45°.

Thickness of each layer is Imm and the material properties of the layer are :
E;=147GPa, E; = 15GPa, G 1=12GPaand v 1=0.3.

Reference:
"Mechanics of Composite Structural Elements”, H Altenbach, J Altenbach and W Kissing,
Springer publications.

" Principles of Composite Material Mechanics”, Ronald F Gibson, CRC Press.
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Lecture 32
A matrix:

A matrix is called as the extensional stiffness matrix. In order to have a laminate with no
coupling between the normal stresses and shear strain, A;s and Azs must be zero. The contribution

of one lamina to a term A;; can be nullified by another lamina of the same thickness but opposite

sign of Qj; term.

Q11, O12, O, and Qg are always positive and greater than zero. So, A1, Azy, Az and Ags
cannot be made equal to zero. Q1 and Qa6 are zero for orientations of 0° or 90° and can be positive

or negative for intermediate values. Since, Q16 and Qs are odd functions of 0,
[ 015 = (011' 012-2* 056)COS39 sing - (022- 012-2* 066) cos0 sin36

025 = (011- 012-2* 055)0059 sin36 - (022' 012'2* 066) COS39 sin® ] (4.37)

For equal positive and negative orientations they are equal in magnitude but opposite in sign.

Therefore, Aig and A can be made equal to zero if for every lamina oriented at a positive
angle 0 in the laminate there exists another lamina of equal thickness and oriented at the equal
negative angle 0. Relative positions of the two laminae are immaterial.

The following forms of laminate has the terms A and Az being equal to zero.
(i) Cross-ply laminate with laminae oriented at 0° or 90° only.
(i) Angle-ply laminate with equal number of laminae oriented at + 6 angle.

B matrix:

The B matrix is called as the extension-bending coupling stuffiness matrix. The
contribution of a lamina to a particular term of the B matrix is given by the product of the

corresponding term in the Q matrix and the difference of the squares of z coordinates of the top

and bottom surface of each ply. The contribution of a lamina above the geometric mid-plane can

be nullified by placing an identical lamina below the mid-plane. This leads to [Bjj] = 0.
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All symmetric laminates have [B;jj] = 0.

By controlling the orientations of the laminate all the terms in the B matrix can be made to zero or
some terms can be made to zero if the laminate is not symmetric. In a cross ply laminate, the
extension- twisting coupling terms Big and Bys can be made equal to zero. In an anti-symmetric

cross ply laminate in addition to By and By , B1, can also be made to zero.

D matrix:

D matrix is called as the bending stiffness matrix. The geometric contribution (h} — h%_4)

in the definition of D matrix is always positive. So, D11, D12, D2y, and Dgg are always positive.

Since, Q16 and Qo are odd functions of 8, D1 and Dy can be made equal to zero.

The following forms of laminate has the terms D1 and D being equal to zero.
(i)If all the laminae are oriented at 0° or 90°

(i) If for every lamina oriented at a positive angle 0 above the mid-plane there exists an
identical lamina placed at an equal distance below the mid-plane but negative 6, there will not be
any symmetry about mid-plane leading to the situation of having non-zero [B;;] matrix.

() Single specially orthotropic layer:

The laminate contains only one layer so that the laminate itself is considered as symmetric

about its mid-plane. As, it is a specially orthotropic, Q16 = Q4 = 0. Therefore, zero elements in A,

B, and D matrices are:

[Bil] = 0; A = Ay =0; D1 =D =0

The resultant forces depend only on the in-plane strains and the resultant moments depend only on

the curvatures.
(i) Single generally orthotropic layer:

Since, it is a symmetric layer, [B;j] = 0.

Dept. of Aerospace Engg., Indian Institute of Technology, Madras 10



COMPOSITE MATERIALS PROF. R. VELMURUGAN

Therefore, no coupling between bending and extension exists. Extensional forces depend on
shearing strain as well as on extensional strain. The resulting shearing force will produce

extensional strains and shear strains. Moment resultants will produce curvatures and twist.
(iii) Single anisotropic layer:
Since, it is a symmetric layer, [B;j] = 0.

The only difference between anisotropic and generally orthotropic is the formation of the
stiffness matrix. In the case of anisotropic, the stiffness matrix is formed directly from reduced

stiffness matrix, i.e.

[@1=|Qiz Q22 Q2

Qi1 Q2 Q:la]
Qie Q26 Qss

(4.38)

where, as in the case of generally orthotropic, the stiffness matrix is formed from tranformed

reduced stiffness matrix. i.e.

?11 ?1: ?ls
[Q1=|Q4; Qi O
Qs Q26 Qss (4.39)

In an anisotropic layer the number of non zero independent constants will be higher than that in

generally orthotropic layer.

(iv) Symmetric laminate with multiple isotropic layers:

Since, it is a symmetric laminate, [B;j] = 0. As Q16 = Q26 =0, Ajg = Az = 0 and D1 = Dy =

0. Moreover, due to isotropic, A1; = Ay and D1; = Doy,

(v) Symmetric laminate with multiple specially orthotropic layers:
Since, it is a symmetric laminate, [B;] = 0. As Q16=02=0, Aig=Ays =0and Dig = Dys = 0.
(vi) Symmetric laminate with multiple generally orthotropic layers:

Since, it is a symmetric laminate, [B;] = 0.
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(vii) Anti-symmetric cross-ply laminates:

Since, Q16 = Q2 = 0 due to cross-ply, As = Ay = 0 and Dy = Dy = 0. As the laminate

consists of an even number of laminae, [Bjj] = 0 except the terms B, and By. If the number of

layers increases, the coupling stiffness B;; can be made to approach zero.

N, _Au A, 0 B; O 0 |4
NV A, A, 00 -B;, 0 &y
N, 0 O 0 O 0 X
|\/|Xy "B, 0 (f% 6 D, D, 0 ixy (4.40)
M,| [0 -B, 0 D, D, 0|k,
M,| [0 0 0 0 0 Dgflk,

(viii) Anti-symmetric angle-ply laminates:

Due to anti-symmetric angle-ply, Ais = Az = 0 and D1g = Dog = 0. As the laminate consists
of an even number of laminae, [Bj] = 0 except the terms By and Bye. If the number of layers

increases, the coupling stiffness B;g and By can be made to approach zero.

(ix) Non-symmetric laminates

Specially orthotropic:

Since, Q16 =02 =0, Aig =A% =0, Bis = By = 0, and D1g = D25 = 0.

Extension-shear coupling, normal-twisting coupling and bending twisting coupling

terms will be eliminated.

Generally orthotropic:
It has all the terms in A, B, and D matrices. All the terms in the A, B and D

matrices will be existing and all the coupling effects will be felt by the laminate.

Problems:

Thickness of each layer is Imm and the material properties of the layer are

Dept. of Aerospace Engg., Indian Institute of Technology, Madras 12



COMPOSITE MATERIALS PROF. R. VELMURUGAN

Ei1 = 147GPa, E,, = 15GPa, G1» = 12GPa and vi> = 0.3 . Find the A, B and D matrices for the

following cases.

a) A single layer, with 0°, orientation.
b) A single layer with orientation 45°
c) 0°/90° /90° /0°

d) 0° /30° /45° /45° /30° /Q°

e) 30° /45° /60°

Identify the type of the above laminates.

Reference:
"Mechanics of Composite Structural Elements”, H Altenbach, J Altenbach and W Kissing,
Springer publications.

" Principles of Composite Material Mechanics", Ronald F Gibson, CRC Press.
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Lecture 33
(x) Quasi — isotropic laminate:

In a quasi-isotropic laminate, the extensional stiffness matrix [A] is isotropic. So, the

following relations are valid.

A = Ax Ag = LZAH) A= Ax =0

L E,t vEt
1- 1/122 1- 1/122
Bt Ejt

Al=| =2 0 4.41
A=75 T (44D

0

E .t
0o o ——ut_
2(1+vy,)

The conditions for a laminate to be quasi-isotropic are:
(i) The total number of layers must be three or more.
(ii) The individual layers must have identical stiffness matrices [Q] and thicknesses.

(iii) The layers must be oriented at equal incremental angles. If the total number of layers is

N, the angle between two adjacent layers has to be n/N.
Laminates of [0°/60°30°] and [0°/45°/90°/-45°] are quasi-isotropic.
Determination of mid-plane strains and curvatures:

In a composite laminate when it is subjected to external loads, strains are produced and there will

be deflections. In order to obtain the deformations mid plane strains and curvatures are important.
Hence, it is important that the strains are written in terms of the applied loads by using the
different coefficient matrices. The relation between the resultant forces and moments and the mid-
plane strains and the mid-plane curvatures is established as :
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N A By (5
{M} B [B D] {k} (4.42)
or
VY = [4M=,} + [B1ik) (4.43)
M} = [BN=,)} + [DHk] (4.44)

Equation (4.1) can be rewritten for mid-plane strains as:

{e,} = [AI7* VY - [A1 ' [B1{k3 (4.45)
Substituting Eqn. (4.3) in Eqgn. (4.2)

{3} = [BILAT{N]Y - AB1A1*[B] - [DI}K) (4.46)

Combining Egns. (4.3) and (4.4) and writing in matrix form, we get :
{i?} - [; il {:} (4.47)
Eqn.(4.5) is called partially inverted form of constitutive relations.
where,
[AT=[A]"
[B'] = - [A]"[B]
[C1=[B][AI"=-[BT
[D’]=[D] - [B] [A]"[B]
Equation (4.5) can be rewritten as :
{z,} = [A"HIN} + [B7HHkD (4.48)
{M} = [CHNY + [D7 KD (4.49)
From the Equation (4.7), the expression for [K] is :
{k} = [D° 17 (MY - [D°1HC N} (4.50)
Substituting equation (4.8) in the equation (4.6), we get :
{,} = QA1 - [B'ID° T [CTHNVY + [B7IID 717 {k} (4.51)

Equations (4.8) and (4.9) can be combined to obtain a fully inverted form of constitutive relations:

g A BN
{k}:[c’ D {M} (4.52)
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where,
[A1=[AT-[B1[D]"[C]
[B]=[B1[DT
[C]=-[DT"[C]
=T BT
=[B]
[D]=[BT" (4.53)
By knowing the external loads and moments the strains can be obtained from which the
displacements and stresses can be obtained.

Problems:

Thickness of each layer is Imm and the material properties of the layer are

a) E;1 =147 GPa, E;2= 15 GPa, G 1= 12 GPa and v;, = 0.3 . For the laminate with orientations
[45°/-45°], find the lamina stresses due to the load of Nxx = 100 KN/m.

b) Verify: [0°/60°/-60°] and [0°/45°/90°/-45°] are quasi-isotropic.

Reference:

"Mechanics of Composite Structural Elements”, H Altenbach, J Altenbach and W Kissing,
Springer publications.

" Principles of Composite Material Mechanics", Ronald F Gibson, CRC Press.

"Fiber-Reinforced Composites”, P K Mallick, CRC Press.
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Lectures 34 -37

Determination of stresses and strains:

Using CLT the resultant forces and moments can be calculated if the mid-plane strains as
well as curvatures are known with the known stiffness matrices of each lamina. Similarly, the mid-
plane strains and curvatures can also be calculated for any set of applied resultant forces and

moments from the equation (4.10).

Stresses and strains in any lamina can be calculated by the following procedure:

Calculate stiffness matrices for each lamina
Calculate A,B, and D matrices for the laminate

Calculate A', B', and D' matrices

iv.  Calculate mid-plane strains and curvatures for the laminate by using the Eqn.(4.10).
v.  Calculate in-plane strains ey, €y , and yxy at any location of the laminate by using the
relation

£x & Ky

- 6)

Pt Wy Ky (4.54)
vi.  Calculate in-plane stresses oxy, Oyy , and T4y for each lamina by using the expression

Tx Qu @'12 @m £y
}:ﬂ = gu 222 gza [_:;]
16 T26 THE (4.55)

From the above expressions it will be clear that the stresses across the thickness are discontinuous

whereas the strains are continuous.
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Problems (Module 1V):

Problem 4.1: Find A, B, and D matrices for the 2-ply laminate as shown in the figure. Assume

both the laminae have identical stiffness matrix Q as follows:

3mm CEE 1 >x
3mm 90° - 2 "
?
v

Fig.(i): Figure showing the laminate orientation

130 2.5 0
] GPa

[Q]=[2.5 10 ©
0 0 35

Solution:
As the laminate is not symmetric about its mid-plane, it will have all the A,B, and D matrices.

First find out the stiffness matrices corresponding to each lamina of (0°) and (90°).

13 25 0
[QJo=[Q]=|251 0 |GPa (4.56)
0 0 35
Using transformation,
1 25 0
[Q]90=|2513 0 |GPa (4.57)
0 0 35

The laminate has two layers with orientations of 0° and 90°. The values of ho, h; and h, are as
shown in figure.
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hg =-3mm
0°
mid-plane —» > h;=0
90°
h, =3mm
v

Fig.(ii) showing the laminate orientation

[A] matrix is determined by using the equation,

[Ai:l :Zn:(éij) (h.—h,-1) n =2 layers

= (Qi)o’[0 - (-3)] + (Qi)e’[ 3- 0]
= 3*(Qij)o” + 3*(Qij)ec°

Hence, A1 =3* ((Q11)o® + (Q11)90° ) = 3 * (130 + 10) = 420

Thus,
42 15 0 .
[A]=]15 420 <10°N (4.58)
m
0 0 21
[B] matrix is determined by using the equation,
N 1$G /5 2 2
[Bij] - E ;(Qij )k (hk _hk—l) (4.59)

=0.5*{ (Qi)o’[0 - (-3)°] + (Qi)oo[ 3°- 0] }

=-45 *(oij)oo +45 *(Oij)goo =45*( (Oij)900 - (Oij)o0 )

Hence, By =4.5* (10 - 130) =-540.
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Thus,
-54 0 0
[B]=| 0 54 0 [x10° N (4.60)
0 0 0

[D] matrix is determined by using the equation,
1 n
[Dii] = §Z(Qij )k (h3(k) 'hs(k-l)) (4.61)

=7 { @)o’[0- (3] + Qe[ 3°- 013

= 9% ((Qio’ + (Qi)eo’)
Hence, D;; = 9 * (130 + 10) = 1260
Thus,
126 45 O
[D] =145 126 0 |[x10° Nm (4.62)
0O 0 63

From the A,B, and D matrices, it is clear that there is no coupling between extensional and
shear as well as extensional and twisting since, Ajg = Az = D1g = D2 = 0. Moreover, the bending

and twisting coupling is also not present.

Problem 4.2: Find A, B, and D matrices for the 3-ply laminate as shown in the figure. Assume

stiffness matrix Q as follows:

2mm 45° 1
4 mm 0° 2 > X
2 mm 45° g

4 v

fig.(iii) showing the laminate orientation
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For layers 1 and 3 For layer 2
2 150 13250
[Q0=|155 0 | GPa [Q0=|251 0 |GPa (4.63)
0 0 15 0 0 35

Solution:

As the laminate is symmetric about its mid-plane, it will have A and D matrices only. The B

matrix is zero, i.e. there is no bending and extensional coupling.
The stiffness matrices corresponding to each lamina are to be obtained.

For the middle layer (0°),

13 250
[Qlo=|251 0 |GPa
0 0 35

For the top and bottom layers (45°) , the stiffness matrix is obtained by using the expressions for

the transformed stiffness matrix,

2 150
[Qo=|155 0 |GPa
0 0 15

Qu =Q,, 05" 8 + Qy,sin* 6+2(Q, +2Q )sin’ Hcos” O

Q, = Q,8in*9+Q,,cos* §+2(Q,, +2Q, )sin? G cos? 4

Qy, = (Qy +Qy, —4Qy; )sin? O cos” 0+Q,, (sin* 0+cos* 0)

Qi = (Qu~Qp, —2Qy )sin O cos® 0 —(Q,, —Qy, —2Qs, )sin® O cos &

Qze = (Qll_le _ZQee)Sin3 HCOS@_(sz _le _2Q66)Sin 9C033 0

Qg = (Qu; +Qy, —2Q;, —2Q,4 )sin” Ocos” O +Qqq (sin* 6+ cos* 0)
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Thus, Q11 = 20*c05*45° + 5 * sin*45° + 2*(1.5+ 2*1.5) sin’45° *c0s’45° =85 (4.64)
8.5 4.84 3.75

Therefore, [6}45 ~|484 85 3.75| GPa
3.75 3.75 5.5

The mid-plane is identified and the co-ordinates for each lamina is calculated and are given below.

: hg = -4mm
45°
: h; =-2mm
mid-plane — 0° >
h, = 2mm
45°
hs = 4mm

z

fig.(iv)  showing the laminate orientation

[A] matrix is determined by using the equation,
[A]= (@), (h-h)
n = 3 layers
= (Q)as’[-2 - (-] + (Qi)o’L 2 - (-2)] + (Qy)as’[4 - 2]
= 2%(Qyj)ss” + 4*(Qi)o” + 2*(Q)as’
= 4*((Qij)ss” + (Qi)o”)
Hence, Ay = 4 * ((O11)e® + (O11)® ) = 4 * (8.5 + 130) = 554

Thus,
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554 29.36 15
[A]=|29.36 74 15
15 15 36

x10° N
m

(4.65)

[B] matrix is zero due to laminate symmetry
[B] =0
[D] matrix is determined using the equation,

n

[D;]= % kZ((_?u)k (W -nd,) (4.66)

=1

=15 { (Qi)as’[(-2)° - (-4)°1 + (i) o°L 2° - (-2)°] + (Qi)s[4° - 2°] }

(112/3) * (Qij)as’ + (16/3) * (Qy) o°

(112/3) * 8.5 + (16/3) * 130 = 1010.67

Hence, D11

Thus,

1010.67 194.03 14
[D] =| 194.03 370.67 14 x10° Nm (4.67)
14 14 224

Problem 4.3: Calculate lamina stress variation in each lamina in the laminate given in the Problem
4.1. The load applied is Nx = 100 KN/m.

Solution:

From problem 4.1,

3mm CHE 1 >
3mm 90° - 2 g
?
4

z
Figure (v)  showing the laminate orientation
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(4215 0 .
[A]=| 15 420 |[X1ON (4.68)
0 o0 21 "
[ -54 0 0
[B]=| 0 54 0 [x10°N (4.69)
0 0 ©
126 45 O
[D]=| 45 126 0 |x10° Nm (4.70)
0 0 63
The mid-plane strains and curvature may be calculated using,
{eo) = [AIN}+[B]{M]}
{k} = [CHNj+[D]{M} (471)
But, no moment is acting on the given laminate, i.e. {M} = 0. Therefore,
{eo} = [A[{N]
{k} = [C']{N} (4.72)
where, [A] = [A™] + [A"][B][(D*)"][BI[A™]
[C] =-[(D*)][BI[A™]
[D*] = [D] - [BI[A™][B]
First calculate the required matrices,
2.384x10° —8.514x10° 0
[A*]=|-8514x10° 2.384x10° 0 (4.73)
0 0 0.0476 .
1079 N/m
695.17 2483 O
[B][A*][B]=| 2483 69517 0 (4.74)

0 0 0 ><109 Nm

[D*] = [D] - [BI[A™][B]
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564.83 20.17 0
=/ 20.17 564.83 0 (4.75)
0 0 63

x10° Nm

564833 2017 0
=|20.17 56433 0 9
0 0 631 x10° Nm

[A] = [A™] + [AT][BI[(D*)'][BI[A™]

5.318x10° -1.899x10* 0
=[-1.899x10™* 5.318x10° 0 (4.76)

0 0 0.0476
x10~® m/N

[CT =-[(D*)[BI[A™]

2279x10° -7.366x10° 0
=|-7.366x10° 2.279x10° O

0 0
x10° 1/N
Therefore,
f=,3 =141V} 4.77)
[ 5.318x107° —1.899x10™* 0 100x10°
=| -1.899x10* 5.318x10° 0 x107° 0
0 0 0.0476 0
5.318x1077
=4 -1.899x10°®
0
m/m
K= [C]evy (4.78)
2.279x10° —7.366x10° 0 100x10°
=| —7.366x107° 2.279x10° 0 |x107° 0
0 0 0 0
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2279 x 1077
=4{-7.366x107"
0

1/m

The strain is calculated by the following equation,

PROF. R. VELMURUGAN

(4.79)

(4.80)

{el={s1 + z (K}
g, 5.318x10” 2.279%x107
g, =1-1.899x107° 424 -7.366x107"
Vxy 0 0
In 0° layer,
z=-3mm
00
mid-plane > ! ] - z=0 . . .
Figure (vi)  showing the laminate orientation
Therefore,
g, -1.519x 107’
&, =1-1.899 x10°®
Vxy z=-3mm 0
g, 5.318x10”"
€, ={ -1.899x10°®
7Xy 7=0 0
In 90° layer,
mid-plane > : z=0
90°
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Therefore,
g, 5.318 x 10”7
g, ={-1.899 x10°® (4.81)
7/Xy 7=0 O
£ 1.216x10°°
&, ={ -1.899x10°®
7Xy z=3mm 0

The stresses in each lamina are calculated by using the equation,

Ty £,
-
t}C}-‘ Y:{}-‘ (482)
For 0° layer,
13 25 0
[6]0: 25 10 0 |GPa
0O O 35
o, 13 25 0 g,
o, =| 2510 0|GPa s, (4.83)
XY)z7=-3mm 0 0 35 7xy z=-3mm
—-19.794
=[—D.5?ﬂ]
0 kN/m?
o, 1325 0 &,
o, —|2510 0 |GPa{g, (4.84)
Tyl o 0 0 35 Vo),
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69.087
=[l.l4ﬂ]
o 1KkN/m?
For 90° layer,
1 25 0
[6}90: 2513 0 |GPa
0 0 35
o, 125 0 &,
o, =| 2513 0 |GPa &
Ty, , 0 0 35 Y )y o
5271
=[—l.l-=1-ﬂ]
o 1 kN/m?
o, 10 25 0 &,
o, =| 2513 0 |GPa &,
Txy Y3 mm 0 0 35 ]/Xy -
12.113
=[<}.5?ﬂ]
o 1 kN/m?
-1.519x107 -1.899x10°® -19.794 057
0 : 5.318x107 5.271 69.087  -1.14 1.14
9 . 12.113 057
1.26x10°
Ex &y Ox Oy

Figure (viii)  showing the laminate orientation

stress and strain variations across the thickness
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